We extend the recently proved relation between certain models of Non-Riemannian gravitation and Einstein-Proca-Weyl theories to a class of Scalar gravity theories, this is used to present a Black-Hole Dilaton solution with non-Riemannian connection.
Recently much effort has been devoted to the study of non standard gravitational theories in particular some models in which both non-metricity and torsion are different from zero. The Einstein's theory of gravity which was formulated more than eighty years ago provides an elegant and powerful formulation of gravitation in terms of a pseudo riemannian geometry. The Einstein's equations are obtained by considering the variation with respect to metric of the curvature scalar associated with the Levi Civita connection times the volume form of the spacetime. As assumption Einstein required that both non-metricity and torsion are vanishing, a position which is natural but not always convenient when we consider models with more degrees of freedom. In particular at the level of the so called string theories [1] there are hints that by using non-Riemannian geometry we may accomodate the several degrees of freedom coming from the low energy limit of string interactions. It is interesting to observe that in that case since string theories are expected to produce effects which are at least in principle testable at low energies; there may be chances to obtain non-Riemannian models with predictions which can somehow be tested, moreover some models can have some effects on astronomical scales [2] . For instance recently models have been proposed that permit to account for the so called dark matter by invoking short range non-riemannian gravitational interactions [3] . There are several approaches to non-Riemannian gravity, perhaps one of the most popular is the one which uses the gauge approach applied to the affine group [4] . A different approach can be proposed in which the metric g and the connection ∇ are independent dynamical variables and instead of working with the affine group they rely on the definition of torsion and non-metricity in terms of g and ∇, [5] . Recently using this approach an interesting relation has been found between certain models of non-Riemannian gravitation and Einstein-Proca theories [6] , this relation has been also found in the context of a general Metric Affine Gravity model [7] . It is the purpose of this paper to extend such relation to a class of Scalar gravity theories. This extension will be used to present a Scalar Black Hole solution with non-Riemannian connections. This relation implies that though we start from a quite general non-Riemannian action the Einstein field equations simplifies into the form they would assume for a simpler action when the expression for the non-Riemannian part of the connection is used in the generalized Einstein equations. To establish the notation which follows [8] we use a non riemannian geometry which is specified by a metric tensor field g and a linear connection ∇. using a local coframe e a with its dual frame
. The tensor S = ∇g defines the non metric compatibilty of the theory; in a local orthonormal frame the metric tensor is g = η ab e a ⊗ e b , (η ab = diag(−1, 1, 1, 1, ...)) The non metricity 1-forms are defined by Q ab ≡ S(−, X a , X b ) and the torsion 2-forms
b ) in terms of the Hodge operator of the metric. In ref [6] they consider the theory obtained from the action:
with k,α, β, γ real couplins and
Xc is the contraction operator). By considering the variations induced by a coframe variationė a and a connection variationω a b they obtain the field equations:
where: (5) and
It has to be stressed that the approach we are using here of getting the field equations from variations with respect to the coframe e a and the connection ω a b is different from the usual one considered in MAG in which they consider three independent variables: e a , ω a b and the metric g ab which are considered as gauge potentials in the gauging of the affine group. Since one of the equations obtained in such a way is redundant [9] , it has been proposed to drop either the coframe or the metric from the list of variables [2] . We will follow that approach and choose the coframe e a and the connection ω a b as independent variables. It is possible to solve equation (7) for the non-Riemannian part of the connection λ a b , this being defined by the total connection minus the levi-civita one:
If we use the solution for λ a b in equations (2,6) it results that the field equations can be simplified into:
and
where the superscript o refers to the Levi-Civita connection and β 0 is:
So the field equations coincide with the field equations obtained from the action:
The non metricity and torsion obtained solving equation (7) are:
where:
We want to generalize this property of reduction to a certain class of Scalar gravity theories. To begin with, consider the action:
where ψ is a scalar field and f 1 (ψ) and f 2 (ψ) are 0-forms functions of ψ. We want to show that the simplification which occurs in the Einstein-Proca system occurs in the Scalar case too.
Considering the connection variations we get the equations:
since the second equation (18) is the same as (7) the same relation between T and Q can be obtained:
Then provided relation (11) between β, β 0 , γ, k is satisfied we can write
By solving (18) we can obtain the expression of the non-Riemannian part of the connection, we find that:
Since the relation between T and Q is the same in both cases; the functional dependence of λ a b on Q will be the same, but of course the equation satisfied by Q will be different, (20) instead of (9) . We can use the expression of λ
where
b ∧ e c )) defines the n − 1 Einstein forms, and:
Since the cancellation which occurs in the Einstein's equations depends only on the functional dependence of λ a b on Q , we can certainly say that:
Where k∆G c indicate the non-Riemannian correction to the Einstein (n − 1) forms G c so that the generalized Einstein's equations reduce to:
that is, the Einstein's equations of the action:
Then the extension to the class of Scalar gravity theories (16) is proved. To summarize we proved that though we modified action (1) by introducing factors depending on the scalar field plus a kinetic term for the dilaton field ψ we obtain a simplification in the field equations (22) to (26) similar to what obtained for the equations (2) which have been simplified into (10) . We have considered the action (1) as a starting point only to keep the complexity to a reasonable level but the result is immediately generalizable to more general models like the eight parameter models considered in Ref [3] since the cancellation which occurs in the generalized Einstein's equations is not influenced by a diagonal modification of the Cartan equation [10] .
As an application of what found consider the action:
The previous action is a particular case of (16) We are considering it because we want to apply what proved in the previous section to obtain a Black Hole solution using the above mentioned simplification property in the field equations. To this aim we choose β 0 = 0 so that the Proca equation goes into the Maxwell-Dilaton equation:
then (11) gives the constraint:
The generalized Einstein's equations become:
the equation for ψ is:
we consider now a spherically symmetric spacetime with metric (n=4):
dr e 2 = R(r)dθ e 3 = R(r) sin θ dφ then using the results of ref [11] we can write a solution for Q and ψ as:
Solving equation (18) for T a and Q ab we find that the torsion is of a pure vector type T a = 1 3 e a ∧ T and is written as:
the non metricity is the sum of Q ab a proper shear piece, and can be calculated using the formula:
with:
in conclusion if we choose the non-metricity and torsion as in (35,36) the metric (32-33), provided that (29) and (34) are satisfied, we get a Dilaton Black hole solution with non riemannian connections for the equations which come from the action (27). In order to have Black Hole horizon we need the condition:
Then for r = r 0 = −
we have an event horizon. We have to observe however that we need also another condition, namely:
otherwise for r = r 1 we would get a singular metric and the scalar field would diverge.
Moreover we have to observe that Q is not obviously spherically symmetric but dQ can be written as:
so that:
Using the two previous relations we can verify that although both Q and T a are not spherically symmetric objects, equations (29,31-32) do allow for a spherical symmetric solution to exist 2 , had we chosen β 0 = 0 we would have obtained equations inconsistent with the spherically symmetric ansatz. So another effect of the simplification in the field equations is the elimination of the spherically non symmetric terms which are contained in the action (27), in this respect, the condition of zero mass for the Weyl field (28) is quite relevant since it eliminates the non spherical symmetric Q from the field equations (28,30,31). In a paper by Matos and Macias [12] a massive Black Hole solution in dilaton gravity has been obtained starting from a 5-dimensional action in vacuum which has been reinterpreted as a four dimensional Einstein equations with matter. This solution is considered anyway in a riemannian spacetime. Our solution is somehow related to what obtained in Ref. [13] [14] in the context of MAG in our case however we do not have electromagnetic field but the mathematical structure is similar since Q serves as a potential to dQ as A for F = dA. Recently it has been observed that by using projective invariance certain non-Riemannian models may be reduced to models containing only torsion or non-metricity [15] . Our model is not however projectively invariant, indeed a simple calculation shows that if we perform the transformation in the connection:
where P is a constant 1-form, the first two terms in (27) are invariant while the others containing the connection give:
It is easy to see that even if we choose the coupling constants in a certain way it is not possible to remove the dependence on the arbitrary 1-form P . The consequence is that the model is not projectively invariant and in general both the torsion 1-form and the Weyl covector Q are needed in our case, this must be distiguished from Eq. 6.6.3 in Ref. 4 which give nonmetricity and torsion of the almost pure gauge type in such a way either Q or T can be removed from the solution. Also the torsion kink solutions found by Baekler et al. [16] are physically inequivalent to ours since in there there is no nonmetricity. We have to observe that recently in Poincare and Metric Affine gauge theory of gravity much effort has been devoted to the study of the problem of degeneracy of models like (1), [18] [19] [20] , indeed the fact it is possible to reduce the field equations to a simpler form indicates the existence of a kind of redundancy of variables. Again it has to be observed that here we are using an approach which is different from the gauge one, so the discussion may well be completely different and will be considered in another paper. Another observation regards the degrees of freedom introduced by the nonmetricity (36). The expression (36) contains only two covector pieces so we avoid the causality problems [17] which may occur if we introduce a general non-Metricity with its three spacetime components, this being equivalent to the introduction a 3-spin mode.
There are other problems related to the models (16, 27) , in general they represent theories which are not renormalizable. Recently some detailed discussion has been given about the properties of the Dirac equation in RiemannCartan spacetime, in an interesting paper [21] it has been claimed that the chiral anomaly results to be dependent on the axial vector torsion 1-form A = ⋆(e a ∧ T a ). In our case this 1-form vanishes identically so we may speculate that for our solutions there is no contribution from the torsion to the chiral anomaly, so the only contribution would come from the Weyl covector Q besides the usual riemannian term, at least in the case in which we can adiabatically deform the spacetime to the metric compatible case.
It is clear that the problem is not simple even because the Dirac equation is not well defined in a general non-Riemannian spacetime and its discussion goes beyond the aim of this paper which has been to show that certain classical non-Riemannian models appear to possess properties of reduction of the field equations which can be extended to models which contains scalar fields, this has been used to present a black-hole solution with non-metricity and torsion. Given the importance nowadays of theories containing scalar fields both in cosmology and particle physics the result seems interesting. The discussion of field theoretic related problems as well as the discussion of the mathematical constraints which may origin from the requirement of a consistent cauchy formulation deserve closer inspection and will be considered in forthcoming investigations.
